Taylor Series,
Maclaurin Series,
and the Lagrange

Form of the
Remainder

Chuck Garner

Taylor Series, Maclaurin Series, and the
Lagrange Form of the Remainder

Chuck Garner, Ph.D.

Department of Mathematics
Rockdale Magnet School for Science and Technology

October 10, 2014 / Georgia DOE AP Content Workshop
Rockdale Career Academy



Outline

A Free-Response Problem

Approximating Polynomials

Taylor Series

Manipulation of Series

Solving Some Free-Response Problems

Taylor Series,
Maclaurin Series,
and the Lagrange

Form of the
Remainder

Chuck Garner



Outline

A Free-Response Problem

Approximating Polynomials

Taylor Series

Manipulation of Series

Solving Some Free-Response Problems

«O>» «F»>» «E>»

«E

DA



2011 BC #6

Let f(x) = sin(x?) + cosx. The graph of y = Lf(s)(x)| is shown.
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2011 BC #6 Nalaurin Seres,

and the Lagrange

. . f the
Let f(x) = sin(x?) + cosx. The graph of y = lf(S)(x)| is shown. Remainder
(a) Write the first four nonzero terms of the Taylor series for Chuck Garner
sinx about x = 0, and write the first four nonzero terms of A FreeResponse
the Taylor series for sin(x?) about x = 0. Froblem
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2011 BC #6 Nalaurin Seres,

and the Lagrange

. . f the
Let f(x) = sin(x?) + cosx. The graph of y = lf(S)(x)| is shown. Remainder
(a) Write the first four nonzero terms of the Taylor series for Chuck Garner
sinx about x = 0, and write the first four nonzero terms of A FreeResponse
the Taylor series for sin(x?) about x = 0. Froblem

(b) Write the first four nonzero terms of the Taylor series for
cosx about x = 0. Use this series and the series for sin(x?),
found in part (a), to write the first four nonzero terms of the

Taylor series for f about x = 0. y
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2011 BC #6

Let f(x) = sin(x?) + cosx. The graph of y = lf(s)(x)| is shown.

(a) Write the first four nonzero terms of the Taylor series for
sinx about x = 0, and write the first four nonzero terms of
the Taylor series for sin(x?) about x = 0.

(b) Write the first four nonzero terms of the Taylor series for
cosx about x = 0. Use this series and the series for sin(x?),
found in part (a), to write the first four nonzero terms of the

Taylor series for f about x = 0. y
(¢) Find the value of f©)(0). 1 130 |
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2011 BC #6

Let f(x) = sin(x?) + cosx. The graph of y = lf(5)(x)| is shown.

(a) Write the first four nonzero terms of the Taylor series for
sinx about x = 0, and write the first four nonzero terms of
the Taylor series for sin(x?) about x = 0.

(b) Write the first four nonzero terms of the Taylor series for
cosx about x = 0. Use this series and the series for sin(x?),
found in part (a), to write the first four nonzero terms of the
Taylor series for f about x = 0. y

(c) Find the value of f(6)(0). | 130 |
(d) Let P4(x) be the

fourth-degree Taylor 80
polynomial for f about x = 0. |

Using information from the |
graph of y = |f(5)(x)| shown V )|
above, show that -1

P (1) s (3)| < 5
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Taylor Series?

f)=fl@)+f(@x—a)+

+ -

f(k)( )

f(a)
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Approximating Polynomials

» Set up Taylor Polynomials (and Taylor Series) earlier in
the year

» Extend the tangent line idea to tangent curves (a
polynomial used to approximate another function)

» So the basic approximating polynomial is the tangent
line
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Approximating Polynomials

The tangent line is a linear approximation L(x) to a function
f(x) (also called the linearization).

Problem 1
Use a linear approximation to estimate /' 77.
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Taylor Series,

Approximating Polynomials Malutin S
and the Lagrange

Form of the

Remainder

Chuck Garner

The tangent line is a linear approximation L(x) to a function
f(x) (also called the linearization).

Approximating

Pl‘Oblem 1 Polynomials
Use a linear approximation to estimate +/'77.

Solution.
The tangent line to f(x) = 4/x centered at x = 81 is

L(x)=f(81)+f(81)(x—81)=9+ (x—81).

1
2+v/81

Then f(77) ~ L(77) = 9 + 15 (77 — 81) =9 — 2

z
89. g



Approximating Polynomials
A linear approximation to f matches the slope of f. A
quadratic approximation to f should match both the slope
and the concavity of f.
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Approximating Polynomials

A linear approximation to f matches the slope of f. A
quadratic approximation to f should match both the slope
and the concavity of f. So we assume the approximation has
the form

Q(x) =L(a) + C(x — a)?
=f(a)+f(a)(x — a) + C(x — a)?

where a is the center.
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Approximating Polynomials

A linear approximation to f matches the slope of f. A
quadratic approximation to f should match both the slope
and the concavity of f. So we assume the approximation has
the form

Q(x) =L(a) + C(x — a)?
=f(a)+f'(@)(x —a) + Cx —a)*

where a is the center. Then

Q'(x) =f'(a)+2C(x — a)
Q" (x) = 2C.

Since we want Q”(a) = f”(a), we find that C = %f”(a). Then
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Approximating Polynomials

A linear approximation to f matches the slope of f. A
quadratic approximation to f should match both the slope
and the concavity of f. So we assume the approximation has
the form

Q(x) =L(a) + Clx — a)*
=f@+f(@x—a)+Clx—a)’

where a is the center. Then

Q'(x) =f'(a)+2C(x — a)
Q" (x) = 2C.

Since we want Q”(a) = f”(a), we find that C = %f”(a). Then

1
QL) =fla)+f(@)(x—a)+ Ef”(a)(x —a)%.
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Approximating Polynomials
By the same logic, a cubic approximator should match the
third derivative of f. So we assume the approximation has
the form

B(x) =L(a) + Q(a) + C(x — a)®
=fl@+f(@)x—a)+ %f”(a)(x —a)*+C(x—a)’

where a is the center.
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Approximating Polynomials
By the same logic, a cubic approximator should match the
third derivative of f. So we assume the approximation has
the form

B(x) =L(a) + Q(a) + C(x — a)®
1
=fl@+f (@ —a)+ of"(@x - a)®+C(x —a)®
where a is the center.Then
B'(x) =f"(a) +f"(a)(x — a) + 3C(x — a)*
B"(x)=f"(a)+6C(x —a)
B"(x)=6C

Since we want B”/(a) = f"/(a), we find that C = %f’”(a).
Then
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Approximating Polynomials
By the same logic, a cubic approximator should match the
third derivative of f. So we assume the approximation has
the form

B(x) =L(a) + Q(a) + C(x — a)®
1
=fl@+f (@ —a)+ of"(@x - a)®+C(x —a)®
where a is the center.Then
B'(x) =f"(a) +f"(a)(x — a) + 3C(x — a)*
B"(x)=f"(a)+6C(x —a)
B"(x)=6C

Since we want B”/(a) = f"/(a), we find that C = %f’”(a).
Then

(- af +——(x—a)”.

B = (@) +F @G~ @)+ e ap? 4 0
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. . aylor Series,
Sample Problems for Approximating leyhrf Seris
and the Lagrange

Polynomials Remsinder
Chuck Garner

Approximating
Polynomials

Problem 2
Write the quadratic approximating polynomial for f(x) = e~
centered at x = 0 and use it approximate e~ %2,

X



Sample Problems for Approximating Nalaurin Seres,

and the Lagrange

POlynOInials Form of the
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Problem 3
Consider the following table of data for the function f.

Approximating
Polynomials

x 50 52 54 56 5.8
f(x) 9.2 88 83 7.7 7.0

1. Estimate f'(5.2).

2. Using the linear approximator to the graph of f(x) at
x = 5.2, approximate the value of f(5.26).

3. Is f”(5.4) positive or negative? Use this to the determine

the concavity of the graph of f. Show the work that leads
to your answers.



Outline

A Free-Response Problem

Approximating Polynomials

Taylor Series

Manipulation of Series

Solving Some Free-Response Problems

«O>» «F»>» «E>»

«E

nae



Taylor Series

Taylor Series is the finale of the course!
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. aylor Series,
TaYIOI' SerleS Mzclyaurii Series,

and the Lagrange
Form of the
Remainder

. . . Chuck Garner
Taylor Series is the finale of the course!

> Reintroduce the “approximating polynomial” idea as
the first few terms of a power series

> Generate more terms of power series through the Taylor Series
notion that f™(a) = n!C

» In this way, the idea of Taylor series is simply a
continuation of what came before



Taylor Series

Taylor Series is the finale of the course!

| 2

Reintroduce the “approximating polynomial” idea as
the first few terms of a power series

Generate more terms of power series through the
notion that f™(a) = n!C

In this way, the idea of Taylor series is simply a
continuation of what came before

Now put it all together: Taylor series constitute

» approximating polynomials

» questions of convergence

» power series and intervals of convergence
» differentiation

» manipulation of series

Taylor Series,
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Taylor Series

Theorem 1 (Taylor’s Theorem)

Let f be a function such that f**(x) exists for all x in the
interval (a —r,a+r). Then

1/ (k)
f (a)(x_a)2+m+f (a)

21 )

P (%) =f(@+f (@) (x—a)+

is the kth degree Taylor polynomial of f at a, and

(k+1)
Ri(x) < %IX —q[fH

is the Lagrange form of the remainder;, where c is a number

between a and x which maximizes f*&*1. Moreover, assume f
(n)

has derivatives of all orders. Then f(x) = Ziio fn#(x —a)"if

and only if R, — 0 as k — oo.
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. aylor Series,
TaYIOI' SerleS MZcflaurii Series,

and the Lagrange
Form of the
Remainder

Problem 4 Chuck Garner
Use the third-order Taylor polynomial for f(x) = Inx centered
at x =1 to approximate In 1.06.

Solution.
The Taylor polynomial is

Taylor Series

1 5 1 3
Py(x)=x—-1-—-(x—1) "+ -(x—1)
2 3
so the approximation is

0.06> 0.06°
_+_

3
=0.06—-0.0018 +0.000072 = 0.058272. [

P5(1.06) = 0.06 —



Taylor Series,

TaYIOI' SerleS Maclaurin Series,
and the Lagrange
Form of the

Remainder
Chuck Garner
This is the Lagrange form of the remainder:
()
Ri(x) £ ————x —al*.
(k + 1)' Taylor Series

Note the remainder is the difference between the function
f(x) and the Taylor polynomial P; (x).



Taylor Series

This is the Lagrange form of the remainder:

F )

Ri(x) < k+ 1)

|X _ Cl|k+1.
Note the remainder is the difference between the function
f(x) and the Taylor polynomial P; (x).

» This remainder is like the remainder for Alternating

Series, in that it is the absolute value of the first unused
term;

» Major difference: we maximize the numerator on the
interval [a,x] to get the largest bound.
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Problem 5
Determine the error in using the third-order Taylor polynomial

Inx centered at x =1 to approximate In 1.06.

Jor f(x) =

Solution.
The remainder is

Taylor Series

(4)
R3(x) < f 4$c)| Ix —1]%.

The fourth derviative of Inx is —6/x* whose maximum value
on the interval [1,1.06] is when x = 1; this leads to a
numerator of —6. So the error must be less than

| | ,_ 0.00001296
R3(1.06) < —-=[0.06|* = —— —— =0.00000324. [J
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and the Lagrange
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1

From the geometric series . x" = 7> We may get — on the Chuck Garner
interval of convergence — power series for
1 1
1 1—x
1
> —_ —_
T +x by replacing —x for x in 7=
1 —
> > by replacing —x? for x in —— Manipulation of
1+ 1- Series
» — _—
(1_X)2 by differentiating — -

» —In|1 —x| by integrating ﬁ
. . 1
> arctanx by integrating 1——

> ln|1 + x| by integrating ﬁ

a + )3 by dlfferentlatmg T, twice and then multiplying

by x2.



. . . Taylor Series,
Manipulation of Series Maclourin Seres
and the Lagrange
Form of the
Remainder
Chuck Garner
From the Maclaurin series
2 3
X X
€X=1+X+2—!+§+"',
we may find the Maclaurin series for e Manipulation of
Series
-2 1 Xz XB
e =14+x+ 5 + ; S
242 243
o, (=X (=)
=1—-x"4 o0 + 30
5 xt X0
=1-x*4+—=——=+4+--

21 3!



Manipulation of Series

Know Maclaurin series for
» L
1—x
> sinx
> COSX

> X
and know how to manipulate these to obtain others.
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Free-Response Problems

» 2004 BC #2 (Form B)
» 2008 BC #3
» 2011 BC #6
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