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Euler's Early Years

@ Born in 1707 near Basel, Switzerland; died 1783

@ Possessed a gift for languages and a powerful memory
@ Entered University of Basel at age 14

@ Johann Bernoulli (1667-1748)
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—Euler, quoted from Dictionary of Scientific Biography
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Euler’s Life

Euler's Early Years

“I was given permission to visit [Bernoulli] freely every Saturday
afternoon and he kindly explained to me everything | could not
understand.”

—Euler, quoted from Dictionary of Scientific Biography

“I had to register in the faculty of theology, and | was to apply
myself ... to the Greek and Hebrew languages, but not much
progress was made, for | turned most of my time to
mathematical studies, and by my happy fortune the Saturday
visits to Johann Bernoulli continued.”

—Euler, quoted from Truesdell’s preface to Elements of Algebra
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Euler's Early Years

@ At age 20, analyzed the placement of masts on a sailing
ship

@ In 1725, Daniel Bernoulli was appointed math professor at
St. Petersbrg Academy

@ Daniel invited Euler to join him

@ Euler arrived in 1727 as professor of physics
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St. Petersberg
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Back in St. Petersberg

Euler’s Life

Euler in St. Petersberg

@ After Daniel left in 1733, Euler became math professor

@ Married Katharina Gsell in 1734, had 13 children over 40
years

@ Solved the “Basel Problem”
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St. Petersberg

Berlin

Back in St. Petersberg

Euler’s Life

Euler in St. Petersberg

Although mathematically productive, dark undercurrents were
flowing:

@ Catherine | died

@ Head of the Academy was stifling

@ Deteriorating eyesight, begun in 1738
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Euler in St. Petersberg

Discoveries during this time:
@ The “Basel Problem”
@ Inaugurated graph theory
@ Number theory and inaugurated analytic number theory
@ Landmark physics book, Mechanica
@ ship-building, acoustics, music theory
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St. Petersberg

Berlin

Back in St. Petersberg

Euler’s Life

Euler in St. Petersberg

Discoveries during this time:
@ The “Basel Problem”
@ Inaugurated graph theory
@ Number theory and inaugurated analytic number theory
@ Landmark physics book, Mechanica
@ ship-building, acoustics, music theory
Offered a position by Prussia’s Frederick the Great in 1741
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@ Established the identity e’ = cos 6 + isin6
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St. Petersberg

Berlin

Back in St. Petersberg

Euler’s Life

Euler in Berlin

Mathematically prodigious period:
@ Established the identity e’ = cos 6 + isin6
@ Laid foundations for the Fundamental Theorem of Algebra

@ Introduction to Infinite Analysis and a text on differential
calculus

@ Letters to a German Princess
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St. Petersberg

Berlin

Back in St. Petersberg

Euler’s Life

Euler in Berlin

@ Became unofficial director of Berlin Academy
@ Frederick the Great developed contempt for Euler
@ Voltaire and Euler did not get along

These factors led Euler to go back to St. Petersberg in 1766
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St. Petersberg

Berlin

Back in St. Petersberg

Euler’s Life

St. Petersberg, Phase Two

@ By 1771, Euler was totally blind

@ Wife died in 1773

@ Married her half-sister in 1777

@ None of these events stopped the mathematics!
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Early Years

St. Petersberg

Berlin

Back in St. Petersberg

Euler’s Life

St. Petersberg, Phase Two

@ Averaged one paper a week

@ Elements of Algebra

@ Theory of Lunar Motion

@ 3 volume text on integral calculus
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St. Petersberg, Phase Two

@ Died September 18, 1783
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Early Years

St. Petersberg

Berlin

Back in St. Petersberg

Euler’s Life

St. Petersberg, Phase Two

@ Died September 18, 1783
@ Papers continued to appear until 1831
@ Opera Omnia
e Begun in 1911, still going
e 86 Volumes planned, 73 published
o Total of 25,000 pages
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Euler’s Conception of Series

A Series is a Polynomial with Infinitely Many Terms
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Euler’s Conception of Series

A Series is a Polynomial with Infinitely Many Terms

o
DXT=14x+ x4+ x
n=0
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Euler’s Conception of Series

A Series is a Polynomial with Infinitely Many Terms

o
DX"=14x+ X+ x4 =
n=0

1—x
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Euler’s Conception of Series

A Series is a Polynomial with Infinitely Many Terms

o
DX"=14x+ X+ x4 =
n=0

1—x

Converges for —1 < x < 1; diverges otherwise.
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Euler’s Conception of Series

Euler considered the following:

T 141141 —14+1—1+1—+--
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Euler’s Conception of Series

Euler considered the following:
1T—14+1-14+1-1+1-1+1 -+

Group the terms two different ways:

Garner Euler’s Life and Mathematics



Euler's Formula
Sum of Series
Integers and Primes

Euler's Mathematics

Euler’s Conception of Series

Euler considered the following:

T 141141 —14+1—1+1—+--

Group the terms two different ways:
T+(-1+)+(1+D)+(—1+1)—+--- =1

-+ -+ -D+(1-1)+---=0
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Euler's Formula
Sum of Series
Integers and Primes

Euler's Mathematics

Euler’s Conception of Series

Euler considered the following:

T—1+1 141141141+
Group the terms two different ways:
T+(-1+)+(1+D)+(—1+1)—+--- =1
A-H+0-H+1-DHD+1-1)+—----=0
Euler thought

1141141141141+

1
2
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Euler's Formula

Euler begins with the following relations:

71 x2 x* X
Cosx=1-r+ 4 —ar+—,
and
o S x5 X7
SinX=x— i+ -t
and
X2 3 4
e R G EE
© TR TR Y
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Euler's Formula
Euler's Mathematics Sum of Series
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Euler's Formula

Euler begins with the following relations:

71 x2 x* X

COS X = _EJFﬂ_aJr—m’
and

o x3 x5 X7

smx_x—§+a—ﬁ+—---,
and

X _ 1 x? X3 X4+

e’ = +X+§+§+Z

Euler decides that imaginary values also make the series
representation true!
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Euler's Mathematics

Euler's Formula

He replaces x with ix...
)2 )3
; . ix ix
e* _—1+/x+()+()

Euler's Formula
Sum of Series
Integers and Primes

(%,

2! 3!

Garner

41
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Euler's Formula

He replaces x with ix...
(ix)? | (ix)°  (ix)*

iX pu— [ ...

I e s
1 x> ix3 x4
TR T TR
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Euler's Formula

He replaces x with ix...
(ix)? | (ix)°  (ix)*

iX pu— [ ...

I e s
1 x> ix3 x4
TR TR

x2 x4 ) x3  x°
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Euler's Formula

He replaces x with ix...
(ix)? | (ix)°  (ix)*

iX pu— [ ...

I e s
1 x> ix3 x4
TR TR

x2 x4 ) x3  x°

=CO0SX +isinx
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Euler's Formula

Hence, e* = cos x + isin x.
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Euler's Formula

Hence, e* = cos x + isin x. Now let x = 7. Then
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Euler's Formula

Hence, e* = cos x + isin x. Now let x = 7. Then

e™ = cost+isinm
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Euler's Formula
Euler's Mathematics Sum of Series
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Euler's Formula

Hence, e* = cos x + isin x. Now let x = 7. Then

e™ =cosm+isint = —1+i(0) = —1
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Euler's Mathematics Sum of Series
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Euler's Formula

Hence, e* = cos x + isin x. Now let x = 7. Then

e™ =cosm+isint = —1+i(0) = —1

Euler's Formula: e™ = —1.
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Logarithms of Negatives

Euler's Formula: e™ = —1.
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Euler's Formula
Euler's Mathematics Sum of Series
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Logarithms of Negatives

Euler's Formula: ™ = —1. _
Take the logarithm (base ¢e) of both sides of & = —1 to get

Garner Euler’s Life and Mathematics
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Logarithms of Negatives

Euler's Formula: ™ = —1. _
Take the logarithm (base ¢e) of both sides of & = —1 to get

loge(—1) = im.
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Logarithms of Negatives

Euler's Formula: ™ = —1. _
Take the logarithm (base ¢e) of both sides of & = —1 to get

loge(—1) = im.

Using rules of logarithms, he then obtains the general result
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Euler's Formula
Euler's Mathematics Sum of Series
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Logarithms of Negatives

Euler's Formula: ™ = —1. _
Take the logarithm (base ¢e) of both sides of & = —1 to get

loge(—1) = im.

Using rules of logarithms, he then obtains the general result

IOge(_X) = IOge(X) + IOge(_1)
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Logarithms of Negatives

Euler's Formula: ™ = —1. _
Take the logarithm (base ¢e) of both sides of & = —1 to get

loge(—1) = im.

Using rules of logarithms, he then obtains the general result

loge(—x) = 10g4(X) + loge(—1) = logg(x) + im.
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9 Euler's Mathematics

@ Sum of Series
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Sum of the Reciprocals of Integers

Is1+%+%+%+%+mfiniteornot?
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sum of the Reciprocals of Integers

Is1+%+%+%+%+-~ finite or not?
Brute force:

20 1
>~ ~386,
k=1

x|
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sum of the Reciprocals of Integers

Is1+%+%+%+%+-~ finite or not?
Brute force:

20 1
>~ ~386,
k=1

I\
N
o

~ 5.98,

x|

=

I

x| =
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sum of the Reciprocals of Integers

Is1+%+%+%+%+-~ finite or not?
Brute force:

20 1 220 1 20220 1
> 36 L ~598 > . ~1049
k=1 k=1 k=1
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sum of the Reciprocals of Integers

1 1 1 1

Sl fini 2
Is1+2+3+4+5+ finite or not”
Brute force:

20 1 220 1 20220 1
> ~36 > . ~598 > . ~1049
k=1 k=1 k=1

Appears to be infinite, but gets there slowly.
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Euler's Mathematics Sum of Series
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Sum of the Reciprocals of Integers

Euler uses

to start.
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Sum of the Reciprocals of Integers

Euler uses

to start. Let x = 1. Then
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sum of the Reciprocals of Integers

Euler uses

to start. Let x = 1. Then

1 1
IogO:—(1++++~~->
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sum of the Reciprocals of Integers

Euler uses

to start. Let x = 1. Then

1 1
IogO:—(1++++~~->

1
— =—1log0
2%
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sum of the Reciprocals of Integers

Euler uses

to start. Let x = 1. Then

1 1 1
|OgO:—(1+2+3+4+"‘>

z:lz—logO:logO‘1 :Iog1
k:1k 0
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sum of the Reciprocals of Integers

Euler uses

to start. Let x = 1. Then

1 1 1
|OgO:—(1+2+3+4+"‘>

le_|ogo:|ogo—1 :Ioglzlogoo:oo.
k:1k 0
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sum of the Reciprocals of Integers

n

Z% — log,(n+ 1) + 0.577218.. ..
k=1
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sum of the Reciprocals of Integers

n

Z% — log,(n+ 1) + 0.577218.. ..
k=1

Euler’s Constant v =~ 0.577218
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Euler's Formula
Euler's Mathematics Sum of Series
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The Basel Problem

1 1 1 1
L fini 2
Is1+4+9+16+25+ finite or not?
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

The Basel Problem

1 1 1 1

L fini 2
Is1+4+9+16+25+ finite or not?
Brute force:

10 1
3 @~ 154977,
k=1

Garner Euler’s Life and Mathematics



Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

The Basel Problem

1 1 1 1
o ini 2
Is1+4+9+16+25+ - finite or not”
Brute force:

100
qu 54977, qu 63498,
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

The Basel Problem

1 1 1 1
o ini 2
Is1+4+9+16+25+ - finite or not”
Brute force:

100 1000
qu 54977, qu 63498, Z—~164393
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

The Basel Problem

1 1 1 1
o ini 2
Is1+4+9+16+25+ - finite or not”
Brute force:

100 1000
qu 54977, qu 63498, Z—~164393

Appears to be finite, so what is the exact value?
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

The Basel Problem

If P(x) = 0 is a polynomial of degree nand P(0) = 1, then

P(X)=(1—:) (1_2)..(1_;)

where the r’s are the roots.
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

The Basel Problem

If P(x) = 0 is a polynomial of degree nand P(0) = 1, then

where the r’s are the roots. Consider

2 4 6
Px)=1-2 40 %

TR T

(In other words, let P be an infinite polynomial).
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The Basel Problem
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Euler's Formula
Sum of Series

Euler's Mathematics
Integers and Primes

The Basel Problem

Then
2 b 6
P(x) —x 3 57
X
3 45 7
TR
N X
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Euler's Formula
Sum of Series

Euler's Mathematics
Integers and Primes

The Basel Problem

Then
K2 x4 6
P(x) —x 3 57
X
3 45 7
TR
=- <
_ sinx
%
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Euler's Formula
Sum of Series

Euler's Mathematics
Integers and Primes

The Basel Problem

Then
2 b 6
Px) —x|__ 8 B 7
X
x> x> X/
TR
N X

X
So the roots of P(x) are roots of sin x.
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Euler's Formula
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The Basel Problem

=) (1 5) (12 (14 ()
() () ()

since £kr are the roots of sin x.
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

The Basel Problem

=) (1 5) (12 (14 ()
()R-

since Kk~ are the roots of sin x. Expand:

1 — l+L+L+... X2+---
w2 472 9x2
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The Basel Problem

Two ways to represent P:

and

Garner Euler’s Life and Mathematics



Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

The Basel Problem

Two ways to represent P:

P(x) =1 3 tE W+
and 1 1 1 °
P(x) = —<2+47T2+97r2+ )x+
Equate coefficients of x2 to get
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

The Basel Problem

Two ways to represent P:

x2  x* X
P(X):‘I—g—l-ﬁ—ﬁ“‘—

and 1 1 1
o —_ —_— —_— —_— LY 2 DY
P(x) =1 <7T2+47T2+ 2+ )x+

Equate coefficients of x2 to get
1 1 1 1
3 TR g tem T

f_l 1_|_1_|_1_|_...
g2 4 9
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

The Basel Problem

Two ways to represent P:
X2 x4 x5
P(x)=1- 3 + 5 71 + -

and 1 1 1
2

Equate coefficients of x2 to get

LI I S B
3! w2 4n2 92
f_l 1_|_1_|_1_|_..
g2 4 9
1 = 1
k=1
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The Basel Problem

k=1
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Outline

9 Euler's Mathematics

@ Integers and Primes
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sums of Integers, Products of Primes

Let x = %
k=1

Then

1 .1

° _1_|_%_|__|_1+ _1_1_1_
N 2 3 4 2 4 6
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sums of Integers, Products of Primes

Let x = %
k=1

Then

1 .1

° _1_|_%_|__|_1+ _1_1_1_
N 2 ? %1 2 4 6
=1 _ _ _

+t3ts ot

Garner Euler’s Life and Mathematics



Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sums of Integers, Products of Primes

Cgmtinue:

et 1, 11,
3" 7230 27 3\2

—
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Sums of Integers, Products of Primes

Cgmtinue:
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sums of Integers, Products of Primes

Cgmtinue:

? ? 71 3 9 15
=l+g+s+7+
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sums of Integers, Products of Primes

Continue:

T2, 1, 1/t

37 2.3 2 3\2
SR R S I N O I
N ? ? 71 3 9 15
== +§+?+ﬁ+“

1.2.4 1 1/1

2-3-5 3 51\3
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sums of Integers, Products of Primes

Continue:
T2 1, 101,
37 2.3 2 3\2
N ? ? 71 3 9 15
== +§+?+ﬁ+“
1.2.4 1 1/1
2:3-5 3 51\3
L L
5 7 11 5 25 35
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sums of Integers, Products of Primes

Continue:

T2 1, 101,

37 2.3 2 3\2
N ? ? 71 3 9 15
== +§+?+ﬁ+“

1.2.4 1 1/1

2:3-5 3 51\3
L L

? 71 111 5 25 35

=1+t +3
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Sums of Integers, Products of Primes

Thus,
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Euler's Formula
Euler's Mathematics Sum of Series
Integers and Primes

Sums of Integers, Products of Primes

Thus,
1.2-4.6-10-12 1
2-3-5.7-11-13
Or,
X_2-3-5-7-11-13--
1.2-4.6-10-12
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Euler's Formula

Euler's Mathematics Sum of Series
Integers and Primes

Sums of Integers, Products of Primes

Thus,
1.2-4.6-10-12 1
2-3-5.7-11-13

Or,

X_2-3-5-7-11-13
1.2-4.6-10-12

Hence,
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